simple consequences are noted in §9. We terminate in §10 with a series of miscellaneous remarks; although they have been placed at the end, one may view them as providing additional orientation.
As a general reference and suggested overall introduction to the subject, we shall use our monograph The theory of Eisenstein systems, Academic Press, New York, 1981 . Throughout the sequel, the title of this work has been abbreviated to TES.
Finally, we would like to thank the referee for several suggestions which have helped to clarify the presentation of the material, 2. Preliminaries.
The purpose of this section is to establish a criterion of a general character, the thrust of which is to ensure that certain operators are of the trace class. This desideratum will then be applied to the analysis of the discrete spectrum in L2(G/T).
Initially, let us agree to place ourselves in the setting of the Appendix to Chapter 8 in TES. So let G be a Lie group and K a compact subgroup of G. Given a finite subset F of K, assign to \f and Xf their usual meanings (especially when F = {¿}, say).
Generically, U will stand for a unitary representation of G on a Hubert space Hu. Necessity. On the basis of the theory of the parametrix (see, e.g., [16] ), given p > 0, there is an N > 0 and p £ CP(G), v £ C^°(G) such that AN * n = 6 + v (6 -Dirac measure at 1q) in the sense of the theory of distributions on G. That being, by differentiable approximation and closedness, Ran(i/(p)) c Dom(£/oo(l + A")). Write now U(p) + U(u) as
Since trivially U(p) + U(v) is also equal to CU1 + A") • [IW1 + AN) -lU(n + i/)], bearing in mind that (7oo(l -I-AN) is one-to-one, we can therefore say that U(p) -LU1 + A")"1 = £7oo(l + A^)-1(7(p + t/). (In the preceding theorem, take for T the identity map on H\j and then quote Lemma 2.1.)
The above considerations may be applied to a reductive G satisfying the usual conditions of Harish-Chandra, K then being a maximal compact subgroup. As is customary in this situation, we shall specialize A to the positive semidefinite, elliptic element in <S canonically constructed from the Casimir u: A = uk -w, uk 2 times the Casimir operator on K. Naturally, A is Hermitian and Jf-central.
Let T be a lattice in G, ordinarily nonuniform, for which the basic assumption from TES is in force. Introduce the truncation operators £?H(H € a). Referring to is Hilbert-Schmidt.
(One need only combine the criterion established in Theorem 2.2 with the proof of Proposition 4.5 of [9] , the passage to arbitrary rank being evidently legitimate.) 3. Exponents of the eigenfunctions. The purpose of this section is to set the stage for the formulation of the residue hypothesis and its generalization ( §4) via a series of remarks on the eigenfunctions in the discrete spectrum of L2(G/T) and their exponents. Of course, the central focus will be on the residual spectrum, the issue of trace class on the cuspidal spectrum having been settled long ago by Gelfand and Pyatetskii-Shapiro.
The analysis of the spectral decomposition of L2(G/T) is the subject of Chapter 7 in TES, the notation of which we shall feel free to use without further comment. Thus, as there, we can write L¿is(G/r) in terms of an orthogonal direct sum over the association classes Co, the K-types 6, and the orbit types Oo of spaces L2Co(G/T-6,Oo'AG}).
Our objective is to prove that L^Jr(a) is trace class for every if-finite a £ C£°(G). Because the sum over Co is finite, Co can be fixed, as can 6, since Corollary 2.3 allows us to respond positively provided it can be shown that the restriction of (LG/r)oo(l + A".) -lLG/r(xs) to £®L2Co(G/r;c5,Oo;{G}) Oo is Hilbert-Schmidt (N6 » 0).
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To ensure placement in L2e8(G/r), we can and will suppose that Co # {G}. Accordingly, given Co, consider^o (G/r;¿,00;{G}), i.e. (cf. TES, p. 339), consider E0LCo(G/r;^o;{G};<E), e the summation Y2e being taken over the equivalence classes £ in 3E(Co)-The discussion on p. 304 of TES implies, in turn, that for each <£, L2o(G/r;< §, Oo; {G}; £) admits an orthonormal basis comprised of certain linear combinations f=^2Cx-E(X: G|{1}: Pl0|Alo:Tt0: X(Pl0,Al0): ?).
In this connection, we explicitly observe that Consequently,
Therefore / is an eigenfunction for A. Furthermore, there is present a certain uniformity. Indeed, neither Co nor 6(uk) depend on Oo, while the lengths of the normal translations are bounded above by ||pi0||. So To make further progress, it will be necessary to assume that the reader is familiar with the theory of exponents, as spelled out in §6 of [12] . This said, maintaining the above supposition on /, we shall now find an estimate for #(E(/,/)).
Fortunately, no real difficulty is present. Thus fix a Po £ Co-Then it is obvious that #(£p"(/)) < #(W(A0)). Let {P¿o/ío: 1 < ¿o < r0, 1 < po < rl0} be a set of representatives for T\Co-Take a A 6 E(/, /). Then A is P-pure for some P lying above some PtoUo, say A = A'P + A'/., where A' £ Ep(f) and A" £ Ep(f).
Observe that here both A' and A" are real. Because P-purity is a function of the T-conjugacy class of P, on the basis of the Scholium to be found in the reference supra, #(Ep(f)) < #(W(A0)) ■ ¿ ri0. (Note. This estimate does not involve Oo (nor, for that matter, 6).)
4. Formulation of the RH and the GRH. The purpose of this section is to formulate the residue hypothesis (RH) and the generalized residue hypothesis (GRH), the concomitant Main Conjecture (MC) being dealt with in § §7 and 8, respectively. We shall, however, for heuristic and historical reasons, consider the T-rank-one case here.
The truth, in general, of the following statement is not known at the time of this writing.
MAIN CONJECTURE.
The operator LGis,r(a) is trace class for every K-finite a mC?°(G).
To establish the validity of the MC, it suffices, as we know (cf. §3), to fix 6 and then produce an 7V¿ > 0 with the property that the restriction of 
Generalized
Residue Hypothesis. Suppose that there exist constants Cs > 0, L6 > 0, independent of Oo, such that V<£, V£ £ <£, VAt0 £ Y°p, (ö, »io).
(x(pl0, a10),y°) >cs-(i + lxMirLi (x g Oo).
(Note. As usual, A*0 is the root dual to Ai0. To avoid any confusion, recall that Geom: III in TES implies that (X(Pl0, A¿0), A'0) is necessarily (strictly) negative.)
Because Lf, = 0 is admissible, obviously RH=>GRH.
Henceforth, we shall assume the conditions of these hypotheses, our problem being, therefore, to see how they imply the MC. PROOF THAT GRH=>MC (rank(r) = 1). In this situation,
there being no loss of generality in assuming that actually L¿ > 0. Take to = 1.
Noting that we have
Our objective is therefore realized with the choice N¿ -N(l) + [Li/2] + 1.
Constant term polynomials.
The purpose of this section is to prove that the degrees of the pn," figuring in the expansion No (Qtfn,fn) = l-J£2P"At)e-s""t can be bounded uniformly in n and v.
Let /, g £ 2l(G/r). Then, per a T-cuspidal P (= M ■ A-TV), we can write
these decompositions being the customary "normal" forms of fp, gp (see [12] ). By definition, the pik and pji are the constant term polynomials of /, g (with respect to P). This said, recall now that (QHf,9)= E PA(H)-e<».A> A€E(/, 9) qua an exponential polynomial on üq.
LEMMA 5.1. Suppose that the degrees of the constant term polynomials of f, g are bounded by df,dg, respectively. Then, VA £ E(f,g), deg(pA) < df + dg + rank(r).
PROOF. Assuming, as we may, that the degree of p\ is positive, select a "direction" P -P™ax along which the degree of the corresponding derivative of p\ is deg(pA) -1. By hypothesis, deg(plfe) < df and deg(pJ¡) < dg, thus, thanks to the transitivity of the constant term, the degrees of the constant term polynomials of $¿£,$,7 are bounded by df -deg(plfc) and dg -deg(p¿¡), respectively. Taking into account the differentiation principles to be found in §5 of [12] , it follows by induction that
as desired. □ Because the pn_" are truncation polynomials, to bound their degrees uniformly, it suffices, therefore, to treat instead the constant term polynomials of the /" which, of course, are somewhat easier to handle.
Remarkably, it turns out that we can proceed in abstracto.
Consider an irreducible unitary representation U of G occurring in L2e8(G/r), so
Hu -L2es(G/r).
Denote by Hu(K) the space of Ä"-finite vectors in H(j. Then Hu(K) is the algebraic direct sum over 6 £ K of the isotypic components Hrj(6). Let / be an eigenvector for 3 (=center of 6) in Hv (6) . Then / £ 9l(G/r). Fix a T-cuspidal P. With L -M ■ A, 3l = 3m®3a (cf. TES, p. 80). That being, call pF the canonical morphism 3 -y 3¿-Then 3l is a free 3-module of finite rank rt,, say. It is well known that
on L. On the other hand, 3/ = C/, and hence pp(3) fp = C/p. Consequently, dim(3¿ • fp) < r¿. Thanks to an observation of Wallach [15] , 3l ■ fp is contained in the Jacquet module Hij(K)/nHrj(K). Now the latter can be expressed as a sum of generalized a-eigenspaces
where, by definition, fama) = aA í Cpi(H)*i(m) J {H = logo).
Here, needless to say, the $, e 2l(M/rAi). Since deg(p¿) < r¿ Vi, from the fact that fp £ 3l • fp, we see at last that the polynomials per fp all have degree < r¿.
In particular, The claim then is 3N > 0 st £n(l + A^)"2 < +oo.
The proof of the claim is best divided into two cases: L = 0 ( §7), L > 0 ( §8). Let us consider here the features common to both. The resulting maps set up a linear one-to-one correspondence between the solution space Solt of Dt and V"0jv0, the real polynomials of degree < noA^o-(Note. We allow, as is permissible, repetitions in the s". Because of this, difficulties arise if we try to employ the usual methods.) 7. Proof that RH=>MC.
The purpose of this section is to prove that RH implies MC. In so doing, we shall use the set-up of the preceding section (L = 0), the objective being to produce an N > 0 for which £(l + A?)-2<+oo. 
Proof that GRH=>MC.
The purpose of this section is to prove that GRH implies MC. As in the discussion of the preceding section, we shall again use the set-up of §6, the objective once more being to produce an TV > 0 for which Y,(l + \»)-2<+oc. n However, due to the fact that the sni/ can approach zero, the proof is more complicated. Let In addition,
Jg/t It is to be explicitly observed that we have not proved that the linear functional tr(Lg?r(?)) on the K-finite functions in C^°(G) is continuous in the topology of C^°(G). But if it is, then, by an abstract argument (see Proposition 4.8 in [9] ), it can be shown that LGs,r(a) is of the trace class for every a £ C£°(G), the assignment a~tr(L$r(a)) (a £ C?(G)) being a distribution. Incidentally, these conclusions can then be readily extended to all of C1(G), where now, in view of the closed graph theorem, the assignment a~tr(L$r(a)) (a£Cl (G)) is continuous in the topology of Cl(G).
10. Potpourri. The purpose of this section is to discuss, for the most part informally, the trace class question on L¿ia(G/T).
Write
L2i9(G/r) = Lc2us(G/r)©L2e8(G/r).
Then (see TES, p. 355), Va £ Cl(G), the operator Lg/Sr(a) is trace class, the assignment a~tr(Lc¿;r(a)) (a£Cl (G)) being, moreover, continuous in the topology of C1(G).
(Note. No K-finiteness requirement on a is needed for the validity of this statement.)
Ideally, one would like to be able to say that the assertion remains true when "cus" is replaced by "res". Unfortunately, the only situation of any generality in which something can definitely be said is the special case when rank(G/K) = 1, since then, for essentially trivial reasons, LGB,r(a) is trace class for all if-finite elements a in ^(G) (cf. [16] ). Here, as will be recalled, the point is that given a Jf-type 6, due to the compactness of M only finitely many M-types can appear qua contituents of 6\M.
(Note. Apart from certain exceptions, e.g., G = SL(2, R), it is unknown whether if-finiteness is necessary or not.)
If one considers the next simplest case, viz. rank(r) = 1 (but rank(G/K) arbitrary), then M need not be compact, so, for instance, with 6 =the trivial K-type, infinitely many class one representations of M can potentially intervene, each contributing finitely many poles in [-|p|,0[, which, conceivably, can pile up at the origin, the primary conundrum.
(Note. In his famous report, Selberg [13] discusses L2(K \ G/T), rank(r) = 1. On p. 185 ofthat paper (lines 6-12), he seems to suggest that he can, in fact, prove trace class on the full discrete spectrum. No proof has ever appeared.)
How is one to establish the traceability of LGa,r(a)'! For guidance, let us again look at the cuspidal case. The standard "soft" argument (cf. TES supra) seems to be of little use. Another approach has been employed by Donnelly [4, 5] . The procedure is this. Fix a Jf-type 6 which, in view of the usual bundle business, might just as well be taken trivial. Let iVCU8(A) be the distribution function for the eigenvalues An of A on the cuspidal spectrum, i.e., NCUB(X) = #({An: An < A}). ¿r(i+An)« v4»**"'"" "vc+»d+2
In reality, it is not so much the estimate which is of interest here as the methods used in getting it (cf. infra). Donnelly's procedure is based on general PDE considerations, coupled with the heat kernel method and uses very little else. There is, however, a serious obstacle in carrying over these results to the residual spectrum: What are the boundary conditions to be imposed? Cuspidality is easily reflected: Indeed, as is known (cf. [16] ), So, Donnelly sharpens the T, itself of interest, but it is the way he does this which to us is the point. Naturally, one cannot rule out further insights into the nature of the discrete spectrum from "external" developments. Spectral analysis on a complete Riemannian manifold, under suitable restrictions on the curvatures, is an active research topic, the journal literature growing yearly by leaps and bounds (cf. [14] ). Nevertheless, our feeling is that these generalities are unlikely to bear fruit, basically because of their lack of specificity. To illustrate, a systematic treatment of the heat kernel on complete Riemannian manifolds may be found in [2 and 3] (see [6] for some applications), but these results seem to be of little use in resolving the trace class dilemma. Even when the class of manifolds is cut down to reflect the presence of "cusps" (as has been done by Müller in his elegant account [8] ), the same old problems remain.
(Note. We have not relied on the heat kernel in our discussion since a certain degree of caution must be exercised in so doing. Consider the following example: Take G = T (the circle group) and let U be the unitary representation of G determined by the prescription 0">o[ev/"] ■ e^1"".)
Can anything sensible be said at all? Let us look in more detail at the T-rank 1 situation.
Fix a K-type 6. Let Oí, O2, • • ■ be an enumeration of the orbit types reflecting the requirement that IXi(wo)| < IX2(wo)| < ••• (Xi G 0i,X2 G 02,...).
Attached to each orbit type 0* is a finite set of eigenvalues Aljt (t = l,...,n,), where A,-,, = (6(uK) -XiM -co -||Xlit(P,0, At0)||2) (Xi G ft).
Pretending that p does not exist, we shall write Then, with /¿,, <-* A¿>¿, (Qtfl,L,kí) = l-cx,Le-2^t (í>0).
Here, ct)t = ||<&¿,t||2/2<T¿it, 4>¿it a certain element in £(ó, 0¿) depending on the initial selection of H.
The notation set up, from the proof that GRH=>MC, we know that VL > 0, If t £ Si(L,e), then^2
(1-eKt < ||*t,J < yßcT~L. To exploit this relation, a lemma will be needed.
LEMMA. Let k > 1. Then there exists an e > 0 tuit/i the folloxving property: If {ei,..., e2"+jt} is any set of unit vectors in Rn, then 3i ^ j such that (e¿, ej) > e.
(We shall omit the proof, it being elementary and, in any event, well known.)
Per n and k, set £n(k) = supe, e as in the Lemma. We then ask: Question. Do there exist integers lo and L0 and a constant Go > 0 such that en(n'°)>Go/nL°? (It is apparent that one is faced here with a chapter in "packing" theory, as yet not completely written; cf. infra.)
For the sake of argument, assume the affirmative. Put dt = dim(£(<5, 0¡)). Then #(Sl(L,e))-2dl>dl°f or infinitely many i, so, on this set of i,
However, as has been noted earlier, Because there is no loss of generality in assuming that <Tjtt» > «r¿)t, we then havê^-
But neither Lo nor Nm depend on L. Thus it follows that C(Oi) blows up faster than any polynomial in |x,(wo)|, a quite unlikely inference. To summarize. A possible approach to trace class on L2e8(G/r) is through the question supra and a careful study of the growth of C(0,) vis-à-vis |xt(wo)|.
(Note. Actually, we are of the opinion that the conditions of the GRH are probably true. Needless to say, a proof of their validity would be very interesting.)
Adopting a geometric posture, let us try to convince ourselves that the answer to our question is "yes", in fact that even £n(n2)>C0/n (3G0 > 0).
The argument is suggested by a result of Coxeter (Proc. Sympos. Pure Math., vol. 7, Amer. Math. Soc, Providence, R.I., 1963, pp. 53-71), itself, sad to say, conjectural. Let an angle <b < n/4 be given. Call Nn(4>) the maximum number of nonoverlapping spherical caps of angular radius <j> on the n-sphere Sn_1. Then, employing a certain "intuitively obvious" geometric lemma which has never been established in all detail, Coxeter proves that VM > 1, BNm^ st 21-n/2v/7rcos(2r»n3/2 esin""1^)
Nn(4>)<M. z::7l:7 (*»>**.♦).
We explicitly observe that this estimate cannot hold at </> = 7r/4 since then cos(20) = 0 while, as is known, iVn(7r/4) = 2n. It is not difficult to check that the constant Nm,¿ can be chosen uniformly for tf> in intervals of the form ]e, 7r/4 -e], so we have Is it possible to make this discussion totally rigorous? Of course, one will somehow have to avoid the use of Coxeter's estimate, the point being to prove a priori that Nn(<t>n) < Mo -n3/2 (3M0 » 0).
To do so, we shall make use of a result due to V. Levenstein (Soviet Math. Dokl. In passing, observe that this gives Nn(if/A) < 2n, whereas, as already mentioned, Nn(it/4) -2n. Supposing that n » 0 and keeping in mind that cos(2<^n) = 1/n, we can therefore say that Nn(<t>n) < 3n + 1 < M0 • n3/2 (3M0 » 0), the desired inequality.
It remains to say a word or two about the C(0,).
As we mentioned earlier, their existence is guaranteed by some results of Langlands [7] (see, in particular, Lemma 5.2). His method is to produce the C(0t) by a sequential argument, i.e., is a proof by contradiction, hence is implicitly nonconstructive and therein lies the rub. Because virtually all constructive estimates in the theory turn out to be of polynomial type in the parameters, we think that it is certainly reasonable to expect that C(0t)<C-(l + |xt(u,o)|)N (3G,7V>0).
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